The system-size dependence of particle production in heavy-ion collisions at the top SPS energy is analyzed in terms of the statistical model. A systematic comparison is made of two suppression mechanisms that quantify strange particle yields in ultra-relativistic heavy-ion collisions: the canonical model with strangeness correlation radius determined from the data and the model formulated in the canonical ensemble using chemical off-equilibrium strangeness suppression factor. The system-size dependence of the correlation radius and the thermal parameters are obtained for p-p, C-C, Si-Si and Pb-Pb collisions at √ sNN = 17.3 AGeV. It is shown that on the basis of a consistent set of data there is no clear difference between the two suppression patterns. In the present study the strangeness correlation radius was found to exhibit a rather weak dependence on the system size.
I. INTRODUCTION
Experiments with ultra-relativistic nucleus-nucleus collisions provide a unique opportunity to study the properties of strongly interacting matter under the extreme condition of high energy densities. Hadronic multiplicities, and their spectra in particular, carry information about the nature of the medium from which they originated. The statistical model (SM) has been recognized as a powerful approach to describe particle production yields in heavy-ion collisions [1, 2] . These models assume that particle creation occurs at chemical freeze-out with the collision fireball being in thermal and chemical equilibrium.
In the limit of high temperature and/or large system size, the grand-canonical (GC) treatment of strangeness conservation is adequate in the SM. There, strangeness conservation is implemented on the average and is controlled by the chemical potential [1, 2] . However, if the number of strange particles in a collision fireball is small, either due to low temperature (e.g. in A-A collisions at incident energies of a few AGeV [3] ) or due to small system size (e.g. in a fireball created in pp or light-ion collisions), then strangeness conservation has to be implemented exactly in the canonical (C) ensemble [1, 4, 5, 6, 7, 8, 9] . Exact strangeness conservation leads to the suppression of the strange particle's phase-space and is usually referred to as canonical suppression [4, 6, 7] . However, canonical suppression with the assumption of strangeness chemical equilibrium in the whole fireball volume was found to be insufficient to reproduce the observed yields in nucleus-nucleus collisions at the SPS [3, 9, 10, 11, 12] . In this paper we consider a method to account for the suppression beyond the one expected in the canonical ensemble by assuming that exact strangeness conservation holds only in a small sub-volume V C of the system [1, 4, 7] . The concept of such a sub-volume, or a strangeness correlation volume, has been used in earlier studies [5, 13, 14, 15] . Here, we present a systematic analysis of p-p and central C-C, SiSi and Pb-Pb collisions at the top SPS energy from the NA49 collaboration [16, 17, 18, 19, 20, 21, 22, 23, 24] . We selected a consistent set of data (discussed below) for different collision systems and focus only on central nucleus-nucleus collisions. We test the validity of the above approach and study the relation between V C and the system size, and also the chemical freeze-out volume. The results of the canonical model with cluster formation will be compared to those obtained in the canonical model with strangeness suppression through chemical offequilibrium factor γ S .
The paper is organized as follows: A short outline of the statistical model and its canonical formulation with cluster formation is given in Section II. In Section III, the data analysis is presented followed by a comparison of the models with the data in Section IV. The paper concludes in Section V with a discussion.
II. THE MODEL DESCRIPTION

A. Grand-canonical ensemble
In the statistical model the thermal fireball is characterized by its volume V , temperature T and charge chemical potentials µ which are assumed to be uniform over the whole volume. In the GC ensemble, these parameters determine the partition function Z(T, V, µ). In the hadronic fireball of non-interacting particles and resonances, ln Z is the sum of the contributions of all iparticle species of energy E i and spin-isospin degeneracy g i by,
with,
where q i = (B i , S i , Q i ) are the quantum numbers of particle i and µ = (µ B , µ S , µ Q ) are the chemical potentials related to the conservation of baryon number, strangeness and electric charge, respectively. The upper (lower) signs refer to fermions (bosons). In a fireball created in heavy-ion collisions only the baryon chemical potential µ B is an independent parameter while the other two, the charge µ Q and the strangeness µ S chemical potentials, are constrained by the initial conditions from the electric charge of the incoming nuclei and the condition of strangeness neutrality.
The partition function (1) contains all information to obtain the number density n i of thermal particle species i. Introducing the particle's specific chemical potential µ i , one gets,
The thermally produced resonances that decay into species i contribute to the measured yield. Therefore, the contributions from all heavier particles j that decay to hadron i with the branching fraction Γ j→i have to be calculated as,
Consequently, the final yield N i of particle species i is the sum of the thermally produced particles and the decay products of resonances,
From Eqs. (3) (4) (5) it is clear that in the GC ensemble the particle yields are determined by the volume of the fireball, its temperature and the baryon chemical potential.
B. Canonical ensemble
In general, if the number of particles carrying quantum numbers related to a conservation law is small, then the grand-canonical description no longer holds. In such a case conservation of charges has to be implemented exactly in the canonical ensemble. Here, we refer only to strangeness conservation and consider charge and baryon number conservation to be fulfilled on the average in the GC ensemble because the number of charged particles and baryons is much larger than that of strange particles. The density of strange particle i carrying strangeness s can be obtained in the canonical ensemble from,
where Z C S=0 is the canonical partition function
and Z 1 i is the one-particle partition function (2) calculated for µ S = 0 in the Boltzmann approximation. The arguments of the Bessel functions I s (x) and the parameters a i are introduced as,
where S s is the sum of all Z 1 k (µ S = 0) from (2) for particle species k carrying strangeness s.
In the limit where x n < 1 (for n = 1, 2 and 3) the density of strange particles (6) carrying strangeness s is well approximated by [1] ,
From this equation it is clear that in the C ensemble the strange particle density depends explicitly on the volume V through the arguments of the Bessel functions. In addition, as seen in Eq. (9), the strange particle densities are suppressed in the C ensemble due to exact strangeness conservation constraints. The canonical suppression relative to the GC results for different particle ratios is illustrated in Fig. 1 for fixed T and µ B and for different system sizes parameterized by the radius R, assuming spherical geometry of the volume V . The left-hand panel illustrates that the canonical suppression increases with the strangeness content of the particle [1] . For R > 5 fm the canonical suppression is already so small that the C and GC descriptions of particle ratios are equivalent. The right-hand panel shows the particle ratios with a difference in their strangeness quantum numbers, ∆S = 1. Interestingly, the canonical suppression of these ratios is similar but not identical. Thus, the C-suppression in these ratios depends on the strangeness content of both hadrons and not only on the difference.
C. Strangeness suppression mechanisms
In the application of the statistical model to particle production in heavy-ion and particularly in elementary particle collisions it was found that canonical suppression alone is not sufficient to quantify the observed strange particle yields [6] . Consequently, additional suppression mechanisms were proposed to account for deviations from experimental data. Here we present two methods that lead to additional suppression of strange particle phasespace going beyond the normal canonical effect [1, 5, 7] .
The suppression of strangeness has been parameterized by a factor, γ S , that is introduced to suppress hadrons composed of strange and/or anti-strange quarks [10] . In this description the strange particle density (3) composed of s strange quarks/antiquarks is modified in the GC ensemble by,
where γ S is an additional parameter of the model. This chemical off-equilibrium factor also modifies the calculation of the canonical suppression outlined in Eqs. (6-8), the single-particle partition function Z In order to account for an additional strangeness suppression in terms of the canonical model we use the concept of strangeness correlation in clusters of sub-volume
. Consequently, there are two volume parameters in the model; the overall volume of the system V , which determines the particle yields at fixed density and the strangeness correlation (cluster) volume V C , which enters through the canonical suppression factor and reduces the densities of strange particles. Hence, this results in replacing the volume V by V C in Eq. (8) . Assuming spherical geometry, the volume V C is parameter- ized by the radius R C which serves as a free parameter and defines the range of local strangeness equilibrium. A particle with strangeness quantum number s can appear anywhere in the volume V . However, it has to be accompanied within the sub-volume V C by other particles carrying strangeness −s to conserve strangeness exactly.
In the application of the SM to particle production and their system-size dependence we consider three different formulations of the model:
(a) equilibrium model in the canonical ensemble with strangeness correlation volume V C = V , (b) non-equilibrium canonical model with strangeness undersaturation parameterized by the factor γ S , (c) canonical model that accounts for strangeness correlation in the sub-volume V C ≤ V that is quantified by the cluster radius R C .
In the following we compare the above models with experimental data at the top SPS energy for different colliding systems. We focus on the system-size dependence of the thermal parameters with particular emphasis on the change in the strangeness correlation radius R C .
III. DATA SETS
To verify the statistical nature of particle production in heavy-ion collisions for different colliding systems we consider the experimental data at the top SPS energy with √ s N N = 17.3 AGeV, from p-p and central C-C, SiSi and Pb-Pb collisions [16, 17, 18, 19, 20, 21, 22, 23, 24] . In view of the fact that only a limited number of hadrons were experimentally analyzed in the smaller systems, we restrict our study to a consistent set of data [16, 17, 19, 21, 22] . Therefore, e.g. the multi-strange particles are not included as they are not available for all data sets. Both midrapidity densities and integrated yields are studied with the exception of the p-p collisions where the midrapidity data are not available. A compilation of p-p and heavy-ion data used in our analysis is summarized in Tables I and II. The system-size dependence of ratios of particle yields is illustrated in Fig. 2 for the K − /π − andΛ/Λ. The K − /π − ratio shows rather moderate dependence on the system size. The midrapidity data on the K − /π − ratio are almost saturated at the value expected for central Pb-Pb collisions already for N part > 20, whereas the rapidity-integrated ratio shows such a property only for N part > 30. The variation of theΛ/Λ ratio with the system size is stronger than that observed in the K − /π − ratio. At mid-rapidity theΛ/Λ ratio exceeds its value in the full phase-space by almost a factor of two. The yield of φ-mesons per pion in different colliding systems, normalized to its value in the most central PbPb collisions, is shown in Fig. 3 . The yield of φ-mesons is seen to decrease stronger with decreasing system size than the pion yields. This indicates that the φ with hidden strangeness does not behave like a strangenessneutral object. For comparison, also shown in Fig. 3 Pb-Pb single-or double-strange particle properties. Instead, it seems to behave as a strange particle with an effective quantum number between one and two.
IV. MODEL COMPARISON WITH DATA
In the SM the particle production yields are fully determined by the thermal conditions in the collision fireball. In all models (a), (b) and (c) there is a common set of parameters (T, µ B , V ) that quantifies the thermal particle yields. In the SM models (b) and (c), that account for an additional strangeness suppression, there are additional free parameters: γ S and R C , respectively. For our study, we used the code THERMUS [25] .
Before considering a detailed quantitative analysis of particle production for different systems within the SM we first discuss general trends expected within the models based on the data shown in Figs. 2 and 3 .
A. General trends
In terms of the models (a), (b) and (c) the antistrange to strange particle ratios are independent of the fireball volume. In the C ensemble an explicit dependence of n s on the volume appears in the same way for particles and anti-particles, thus it is cancelled in their ratios. Consequently, the strong variation of theΛ/Λ ratio with the system size seen in Fig. 2 could be related to the variation in T and/or µ B with the system size. It is quite natural to assume that the temperature reached in the collision scales approximately with the collision energy. Therefore, at fixed √ s N N the temperature is expected to show a weak variation with the system size. On the other hand, the chemical potential can be viewed as the measure of baryonic stopping in the collision. Thus it should decrease with √ s N N and increase with system size. With the above generic properties of thermal parameters, the strong variation ofΛ/Λ with the system size seen in Fig. 2 could be attributed to a change in µ B at T ≃ const., since in the SMΛ/Λ ∼ exp (−2µ B /T ).
In the SM the K − yield is not explicitly dependent on µ B . However, due to strangeness neutrality, µ S = µ S (µ B ), implying a weak influence of µ B on the kaon yield. Consequently, the change in the K/π ratio with the system size is mainly to be expected as a consequence of canonical suppression and/or chemical off-equilibrium effects.
In the equilibrium statistical models (a) and (c) the φ-meson, being a strangeness neutral particle, should show similar system-size dependence as any other non-strange meson. Thus, the strong variation of the φ/π ratio with centrality seen in Fig. 3 is inconsistent with the SM (a) and (c). The system-size dependence of φ-mesons is only expected to be qualitatively different from the other mesons in the model (b) that accounts for strangeness suppression by including chemical off-equilibrium parameter γ S . In this model the φ-meson, being made of a strange/antistrange quark pair, is suppressed by the factor γ 2 S , thus behaving as a strangeness-two particle. However, from the discussion in the last section it is clear that, on the basis of data, it is not possible to fix the effective strangeness content of the φ-meson. Consequently, to avoid ambiguities, we have excluded the hidden-strange particles from the SM analysis. 
B. System-size dependence of thermal parameters
The bulk properties of the system-size dependence of different particle yields in A-A collisions at the top SPS energy show qualitative agreement, except for the φ-meson yields, with the expectations of the statistical models. To verify the validity of the models requires detailed quantitative studies. In the following, we analyze the SPS data from p-p, C-C, Si-Si and Pb-Pb collisions in terms of three different concepts that were introduced as: (a), (b) and (c) in the previous section. The investigated yields and ratios (listed in Tables I and  II) together with model predictions are shown in Figs. 4 and 5 for C-C and Pb-Pb collisions respectively. Particle ratios from the fits with the best χ 2 are displayed for all of the models. The model (a) with a completely equilibrated strangeness abundance exhibits large deviations from data. The normalized differences between the model results and the data are shown in the lower panels of these figures. For the small systems, model (a) features very large values of χ 2 ∼ 2 per degree of freedom. Thus, the equilibrium SM with strangeness conservation in the C ensemble is not favored by the data. In contrast, both models that allow for an extra suppression of the strange-particle phase-space with γ S or with R C , agree quite well with the measurements and yield comparably good descriptions of data. The latter can be correlated to properties of the hot and dense medium and systematic studies might provide access to the production and hadronization mechanism of strange particles.
The system-size dependence of thermal parameters ob- tained in these studies within the models (a) and (b) agree with previously published results and thus will not be discussed here. Instead, in Figs. 6, 7 and 8 we concentrate on the system-size dependence of thermal parameters characterizing the canonical model (c) with cluster formation. The corresponding values are summarized in Table III .
The freeze-out temperature T extracted from midrapidity data is barely dependent on the system size, as shown in Fig. 6 . This is in agreement with the expectation that the chemical freeze-out temperature is predominantly established by the collision energy. Within statistical errors the 4π data are also consistent with having the same chemical freeze-out temperature for all colliding systems from p-p up to Pb-Pb.
No significant change in the baryon chemical potential is seen in Fig. 6 for 4π data. The variation ofΛ/Λ seen in the 4π data in Fig. 2 is a combined effect of minor changes in the freeze-out temperature and the chemical potential in different systems. At midrapidity, the chemical potential shows a decrease by almost 100 MeV from central Pb-Pb to C-C collisions at constant temperature. Consequently, there is a steep increase of theΛ/Λ ratio, as seen in Fig. 2 . From the above results it is clear that at y = 0 the collision fireball created in A-A collisions appears at constant temperature but with varying µ B that decreases with decreasing N part . For the rapidity integrated data such systematics cannot be concluded.
In the canonical model (c) there are two volume scales that characterize the system: the fireball radius at freezeout R and the strangeness correlation radius R C . The fireball radius R is determined by the particle multiplicity e.g. the pion yield. Thus, a smaller pion density at midrapidity causes a smaller freeze-out radius than for the integrated yields.
The strangeness correlation volume R C is extracted from the system-size dependence of the strange to nonstrange particle ratios. The resulting system-size dependence of R C is shown in Fig. 7 . An increase of singlestrange to non-strange particle ratios from p-p to Pb-Pb reactions is reflected in a variation of the strangeness correlation volume with the system size. The cluster radius varies between 0.7 fm and 1.3 fm. A larger radius in the fits of midrapidity data is correlated with the experimental observation of larger K + /π + ratios at midrapidity as compared to 4π yields.
V. DISCUSSION
We have already discussed in Fig. 1 that for strangeness-one particles the canonical suppression for R > (2 − 3) fm shows a very flat change with R and is hardly distinguishable from the asymptotic GC-value. Consequently, an exact determination of R C based only on single-strange particles is very difficult and requires high precision data. For R > 3 fm an increase of R C by a large factor will not influence the particle yields significantly. Therefore, the results shown in lower limit. The actual change of R C with system size and the chemical freeze-out radius could be stronger than that shown in Figs. 7 and 8. This happens, for example, at the SIS energy where the correlation volume V C was shown to scale with the number of projectile participants [3] . A more precise determination of the relation between the volume at chemical freeze-out, system size and strangeness correlation at the SPS would require the analysis of the system size and/or centrality dependence of multi-strange particles in A-A collisions that show a stronger sensitivity to the strangeness correlation volume [14, 26, 27] .
Relating the cluster to the fireball radii R C = R C (R), it becomes clear that R C has a significantly weaker system-size dependence than R, as seen in Fig. 8 . In p-p collisions the strangeness correlation length R C is almost as large as the fireball radius. In contrast, with increasing system size, the cluster volume can be even a few times smaller than the entire fireball. The dependence of R C on R shown in Fig. 8 can be parameterized as R C = c · R α with α < 1 and c ≃ 0.7 fm. From the consistent data set used in these studies the value of α appears in the range 1/3 < α < 1/2. From this analysis we could conclude that the transition from suppressed (in pp) to almost saturated (in Pb-Pb) single-strange particle production happens in a narrow range of the correlation length. This could indicate that R C ≃ (1-2) fm is the length scale of strangeness correlation. This suggestion gets implicit support from the percolation model calculations [28] .
The appearance of a particle correlation volume in pp collisions, introduced here for strangeness, comes also from other observables. The mass shift of the ρ 0 -meson in the π + π − decay channel observed in p-p collisions [29] could not be substantially accounted for by the phasespace distortion of a Breit-Wigner line shape. It was argued [30] that re-scattering and re-interaction of pions contribute an additional term to the ρ 0 spectral function. The best agreement with the measurement is achieved if a range of π + π − scattering of 0.73 fm is chosen. This value is in agreement with the strangeness correlation length R C obtained in this study from the statistical model analysis of p-p data at the SPS.
In summary, two modified versions of the canonical statistical model have been investigated. The experimentally observed strong suppression of the strange-particle phase-space is retraced to local strangeness conservation within small correlated clusters in the fireball. These sub-volumes, in consequence, cause strong canonical suppression and allow one to successfully reproduce the experimental data. Furthermore, the cluster size is found to be only weakly dependent on system size. In all data under study, it is of the order of 1 to 2 fm.
